In this paper, we study the cooperative output regulation problem for the discrete linear time-delay multi-agent systems by distributed observer approach. In contrast with the same problem for continuous-time linear time-delay multi-agent systems, the problem has two new features. First, in the presence of time-delay, the regulator equations for discrete-time linear systems are different from those for continuous-time linear systems. Second, under the standard assumption on the connectivity of the communication graph, a distributed observer for any continuous-time linear leader system always exists. However, this is not the case for the discrete counterpart of the distributed observer for the continuous-time systems. We will propose another type of discrete distributed observer. It turns out that such an observer always exists under some mild assumptions. Using this result, we further present the solvability conditions of the problem by distributed dynamic output feedback control law.
Introduction
The cooperative output regulation problem aims to design a distributed control law for a multi-agent system to drive the tracking error of each follower to the origin asymptotically while rejecting a class of external disturbances. It can be viewed as an extension of the classical output regulation problem from a single system to a multi-agent system. It can also be viewed as an extension of the leader-following consensus problem [1] [2] [3] in that it not only handles the asymptotically tracking problem, but also the disturbance rejection problem.
The classical output regulation problem for a single system was thoroughly studied for both continuous-time linear systems [4] [5] [6] and discrete-time linear systems [7, 8] . The key for the solvability of the problem is to obtain the solution of a set of matrix equations called the regulator equations. Since the regulator equations for both continuous-time linear systems and discrete-time linear systems are the same, the extension of the results on the output regulation problem from continuous-time linear systems to discrete-time linear systems is quite straightforward.
The cooperative output regulation problem was first studied for continuous-time linear multi-agent systems in [9, 10] . What makes this problem interesting is that the control law has to satisfy certain communication constraints described by a digraph. Such a control law is called a distributed control law. The core of the approach in [9, 10] is the employment of a so-called distributed observer which is a dynamic compensator capable of providing the estimation of the leader's signal to each follower without violating the communication constraints. On the basis of the distributed observer, a distributed controller satisfying all the communication constraints can be synthesized to solve the cooperative output regulation problem.
Recently, the cooperative output regulation problem for continuous-time linear multi-agent systems with time-delay was also studied in [11] . It turns out that the distributed observer approach also played a key role in constructing a dis-This work has been supported by the Research Grants Council of the Hong Kong Special Administration Region under grant No. 14202814. tributed control law for solving the problem for time-delay systems.
In this paper, we will consider the cooperative output regulation problem for discrete-time linear multi-agent systems with time-delay by a distributed control law. In contrast with the same problem for continuous-time linear systems, the problem in this paper has two new features. First, as pointed out in [12] , for linear systems with time-delay, the regulator equations for discrete-time linear systems are different from those for continuous-time linear systems. Second and more intriguingly, under the standard assumption on the connectivity of the communication graph, a distributed observer for any continuous-time linear leader system always exists by having the observer gain sufficiently large because a sufficiently large observer gain can place the eigenvalues far left of the complex plane. However, for discrete-time systems, since the stability region is the unit circle, a large observer gain may destabilize a system. In fact, it will be pointed out in Section 3 that, the discrete counterpart of the distributed observer in [9] may never exist when the eigenvalues of the system matrix of the leader system have different sign. Thus, instead of using the discrete counterpart of the distributed observer in [9] , we propose another discrete distributed observer and give a thorough study on the stability of this observer in Section 3. It will be shown that the existence condition of this new type of observer is much milder than the discrete counterpart of the distributed observer in [9] . In particular, this observer always exists for a marginally stable leader systems provided that the communication graph is connected.
Notation. ⊗ denotes the Kronecker product of matrices. σ(A) denotes the spectrum of a square matrix A. Z + denotes the set of nonnegative integers. 1 N denotes an N × 1 column vector whose elements are all 1. For X i ∈ R ni , i = 1, . . . , m, col(X 1 , . . . , X m ) = [X T 1 , . . . , X T m ] T . For some nonnegative integer r, I[−r, 0] denotes the set of integers {−r, −r + 1, · · · , 0} , and C(I[−r, 0], R n ) denotes the set of functions mapping the integer set I[−r, 0] into R n .
Problem Formulation and Preliminaries
Consider the discrete time-delay multi-agent systems as follows:
where x i ∈ R ni is the state, u i ∈ R mi the input, e i ∈ R pi the error output, y mi ∈ R pmi the measurement output, x 0 ∈ R q the measurable exogenous signal such as the reference input to be tracked and w i ∈ R si the unmeasurable exogenous signal such as external disturbances to each subsystem. r l ∈ Z + , l = 0, · · · , h, satisfying 0 = r 0 < r 1 < · · · < r h = r < ∞. We assume that x 0 is generated by the exosystem of the following form
where S 0 ∈ R q×q is a constant matrix. Also, it is assumed that, for i = 1, · · · , N, w i is generated by a linear system as follows
with Q i ∈ R si×si . Like in [11] , we can view the system composed of (1) and (2) a multi-agent systems with the exosystem (2) being the leader and the N subsystems of (1) being the N followers. When N = 1, this multi-agent problem reduces to a single system as studied in [12] . Associated with this multiagent system, we can define a digraphḠ = (V,Ē) 1 wherē V = {0, 1, . . . , N} with the node 0 associated with the exosystem (2) and all the other nodes associated with the N subsystems of (1), and (i, j) ∈Ē if and only if the control u j can access the measurable output y mi of the subsystem i. We denote the adjacency matrix ofḠ byĀ = [a ij ] ∈ R (N +1)×(N +1) , i, j = 0, · · · , N, and the neighbor set of the node i byN i .
We will consider the output feedback control law of the following form:
1 See the appendix of [11] for a summary of graph.
where y m0 = x 0 , ζ i ∈ R li for some integer l i , and k i and g i are linear functions of their arguments. It can be seen that, for each i = 1, · · · , N, j = 0, 1, · · · , N, u i of (4) depends on y mj only if the agent j is a neighbor of the agent i. Thus, the control law (4) is a distributed control law. The specific control law will be given in Section 4. Now we describe the cooperative output regulation problem as follows.
Definition 2.1 Given the multi-agent system composed of (1), (2), (3) and the digraphḠ, find a distributed control law of the form (4) such that the following properties hold.
The origin of the closed-loop system is exponentially stable when x 0 = 0 and w i = 0, i = 1, · · · , N.
In order to solve the problem, we need some standard assumptions as follows.
The graphḠ is static and connected, i.e.Ē is time-invariant and every node i = 1, · · · , N is reachable from the node 0 inḠ. 
have modulus smaller than 1. As for Assumption 2.3, Equations (6) are called the discrete regulator equations which are different from those of continuous-time systems [11] . Using the same technique in the proof of Theorem 1.9 of [8] , it can be shown that Assumption 2.3 is satisfied if for all [3] . Thus, if the digraphḠ is also undirected, H is symmetric and positive definite. Assumption 2.5 is not restrictive since it is satisfied by a large class of signals such as the step function, ramp function, and sinusoidal function.
Discrete Distributed Observer
Recall from [9] that, given a continuous-time linear leader system of the formẋ 0 = S 0 x 0 , we can define a dynamic compensator of the following forṁ
where η 0 (t) = x 0 (t), and μ is a real number called observer gain. It can be seen thatη i (t) depends on η j (t) for j = 0, · · · , N and j = i iff a ij = 0. Let η(t) = col(η 1 (t), · · · , η N (t)),x 0 (t) = 1 N ⊗ x 0 (t), andη(t) = η(t) −x 0 (t). Then it can be verified thatη(t) satisfieṡ
Thus, if there exists some μ such that the matrix (
is Hurwitz, then, for any x 0 (0), and η i (0), i = 1, . . . , N, we have
Thus, we call the system (9) a distributed observer of the leader systemẋ 0 = S 0 x 0 if and only if the system (10) is asymptotically stable. It was shown in [9] that, under Assumption 2.4, for any matrix S 0 , there exists sufficiently large μ such that the matrix (
The discrete counterpart of (9) is as follows:
where η 0 (t) = x 0 (t), and μ is a real number. With η(t) = col(η 1 (t), · · · , η N (t)),x 0 (t) = 1 N ⊗ x 0 (t), andη(t) = η(t) −x 0 (t), (12) can be put in the following form:
Like (9), (12) is a discrete distributed observer of the leader system if and only if there exists some μ such that the matrix (I N ⊗ S 0 ) − μ(H ⊗ I q ) is Schur. Nevertheless, the stability property of the matrix (I N ⊗S 0 )−μ(H ⊗I q ) is much more complicated than the continuous-time case. For example consider a simple case where S 0 = diag[1, −1], H is any symmetric positive matrix with eigenvalues 0 < λ 1 ≤ ··· ≤ λ N . Then the eigenvalues of the matrix
is Schur if and only if | ± 1 − μλ l | < 1, l = 1, · · · , N, and only if μ > 0 and μ < 0. As a result, there exists no μ to make the matrix (
Thus, instead of (12), we propose the following candidate for the discrete distributed observer of the leader system (2):
whose compact form is as follows:
To give a detailed study on the stability for the system of the form (15), denote the eigenvalues of S 0 by {λ 1 , · · · , λ q } where 0 ≤ |λ 1 | ≤ · · · ≤ |λ q |, and the eigenvalues of
Then, we have the following result. 
and,
If the conditions (16) and (17) are satisfied, the matrix
Proof: By the property of Kronneker product, it can be verified that the eigenvalues of (I N ⊗ S 0 − μ(H ⊗ S 0 )) are
(1 − μ(a l ± jb l ))λ k , k = 1, · · · , q, l = 1, · · · , N (19)
Thus the matrix (I N ⊗ S 0 − μ(H ⊗ S 0 )) is Schur if and only if, for l = 1, · · · , N,
and if and only if, for l = 1, · · · , N,
For each l = 1, · · · , N, let p l (μ) = (a 2 l +b 2 l )μ 2 −2a l μ+1− 1 |λq| 2 . Then it can be verified that p l (μ) has two distinct real roots if and only if Δ l = (a 2 l +b 2 l ) By imposing some additional conditions on the digraphḠ or the matrix S 0 , we can obtain two special cases of Lemma 3.1 as follows.
Corollary 3.1 Case (i): Under Assumption 2.4 and the additional assumption that the digraphḠ is undirected, the ma-
And, if the condition (22) is satisfied, the matrix (
Case (ii): Under Assumptions 2.4 and 2.5, the matrix
is Schur for all μ satisfying (18). Proof:
Case (i): By Remark 2.1, in this case, the matrix H is symmetric and positive definite and hence b l = 0 for l = 1, · · · , N. Thus, the condition (16) is satisfied automatically, and the condition (17) simplifies to (22) since, for l = 1, · · · , N, Δ l = a 2 l |λq| 2 . Case (ii): If |λ q | ≤ 1, then the condition (16) is satisfied obviously, and the condition (17) is also satisfied since Δ l ≥ a 2 l .
Remark 3.1 Using H ∞ Riccati inequality design and H 2
Riccati design, respectively, Theorems 1 and 2 of [13] studied the stability of the discrete-time system of the following formη
where G is some nonsingular matrix called weighted gain matrix, B is some matrix with full column rank, and K is some matrix to be designed. Sufficient conditions for the existence of μ such that (24) is Schur are given in Theorems 1 and 2 of [13] , respectively. The system (15) can be viewed as a special case of (24) with both G and B being identity matrices and K = S 0 . It is noted that, for this special case, Lemma 3.1 has given both necessary and sufficient conditions for the stability of (15) under various assumptions on S 0 and the graph. In particular, Corollary 3.1 shows that Assumptions 2.4 and 2.5 guarantee that the system (15) is always asymptotically stable for μ belonging to the interval indicated in (18).
Main Results
In this section, we will present our main result. Assumptions 2.1-2.4 , if there exits a μ such that the system (15) is exponentially stable, then the cooperative output regulation problem of the multi-agent system composed of (1), (2), (3) is solvable by the distributed dynamic output feedback control law of the form (4) .
Proof: For i = 1, · · · , N, let (X i , U i ) satisfy the discrete regulator equations (6), K 1i ∈ R mi×ni satisfy Assumption 2.1, and
where L i is such that the matrix
is Schur which exists under Assumption
2.2.
Our control law is composed of (25) and the distributed observer (14) which can be verified to be in the form (4) . We will show that under this control law, the closed-loop system satisfies the two properties described in Definition 2.1. For this purpose, for i = 1, · · · , N,
Then it can be verified that
Substituting (26) into (27) gives
Under Assumption 2.1, systemx i (t + 1) = A ixi + h l=0 B il K 1ixi (t − r l ) is exponentially stable, and under Assumption 2.2, we can find L i such that system ξ ei (t+1) =
is exponentially stable. Moreover, by the assumption of the Theorem, the system (15) is exponentially stable. Thus, by Lemma 3.3 in [12] , the closed-loop system composed of (27), (28) and the system (15) is exponentially stable. Hence, we have, for i = 1, · · · , N, lim t→∞xi (t) = 0, lim t→∞ ξ ei (t) = 0, and lim t→∞ηi = 0. Therefore, from (26), we have, for i = 1, · · · , N, lim t→∞ūi (t) = 0. Finally, from (29), we have, for i = 1, · · · , N, lim t→∞ e i (t) = 0. Thus the proof is complete.
Remark 4.1 Under the additional Assumption 2.5, by Case (ii) of Corollary 3.1, there always exists some real μ satisfying (18) such that the system (15) is asymptotically stable. In this case, the cooperative output regulation problem of the multi-agent system composed of (1), (2) and (3) is always solvable by the distributed dynamic output feedback control law of the form (4) .
Remark 4.2
The delay-free system can be viewed as a special case of the system (1) with h = 0. In this case, Assumption 2.1 reduces to the following:
For convenience, we state the solvability of this special case as follows: (15) is exponentially stable, then the cooperative output regulation problem of the multiagent system composed of (1) with h = 0, (2), and (3) is solvable by the distributed dynamic output feedback control law of the following form:
Needless to say that, under the additional Assumption 2.5, a control law of the form (31) that solves the delay-free case always exists.
An Example
Consider the discrete time-delay multi-agent systems of the form (1) with N = 4, h = 1, r 1 = 1, Let the leader system be x 0 (t + 1) = S 0 x 0 (t)
where S 0 = cos 1 sin 1 − sin 1 cos 1 .
The disturbances to four followers are generated by (3) with Q 1 = cos 2 sin 2 − sin 2 cos 2 , Q 2 = cos 3 sin 3 − sin 3 cos 3 , Q 3 = cos 4 sin 4 − sin 4 cos 4 , Q 4 = cos 5 sin 5 − sin 5 cos 5 .
The network topology of the five agents is described in Fig. 1 . It can be verified that the network topology satis- It can also be verified that all assumptions of Theorem 4.1 are satisfied. Thus, the cooperative output regulation problem for this example is solvable. A specific control law is given as follows. For i = 1, · · · , 4, with K 1i = −0.075 −0.465 , K 2i = U i − K 1i X i = 0.925 0.465 −0.925 −0.5i + 0.465 , and K 2wi = −0.925 −0.5i + 0.465 , K 2xi = 0.925 0.465 . Simulation is conducted with μ = 0.5 for random initial conditions. Due to the space limit, we cannot include the simulation results.
Conclusion
In this paper, we have studied the cooperative output regulation problem of discrete-time linear time-delay multi-agent systems under static network topology. We have first thoroughly studied the existence condition of the discrete distributed observer, and then presented the solvability of the problem by distributed dynamic output feedback control law. A natural consideration for our future work is the study of the same problem for the same systems subject to the switching network topology.
